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Figure 0-1: Most controllers are implemented using digital devices 

All of the controllers designed in the previous labs were implemented using continuous transfer functions. Strictly speaking, this means that the controllers would be implemented using only analog electronics (e.g. resistors, capacitors and inductors). In most cases, however, it is not feasible to implement a controller using only analog electronics. Analog electronics are inherently prone to variations in their nominal values, and thus extensive fine-tuning is necessary for each implemented controller using the same nominal electronics. Furthermore, each pure analog circuit will be very susceptible to environmental changes, in particular changes in temperature and humidity. Therefore, most control systems are now being implemented on digital computers, i.e. usually using either a PC/laptop or a microprocessor. In this lab, the impact of implementing a continuous controller in a digital environment will be investigated.


[bookmark: _Toc522262944]Learning Objectives

After completing this lab, you should be able to complete the following activities.

1. Model a digital computer using an ideal sampler and zero-order hold

2. Understand the effect of discretization a controller

3. Assess stability of a discrete system from pole locations in the z-domain

4. Use root-locus to design a proportional controller for a discrete system

5. Design a discrete lead compensator using root-locus

1. 

[bookmark: _Toc522262945]Required Tools and Technology

	Platform: NI ELVIS III
	· View the NI ELVIS III User Manual 
http://www.ni.com/en-us/support/model.ni-elvis-iii.html

	Hardware: Quanser Controls Board
	· View the Controls Board User Manual
http://www.ni.com/en-us/support/model.quanser-controls-board-for-ni-elvis-iii.html

	Software: LabVIEW
Version 18.0 or Later
Toolkits and Modules:
· LabVIEW Real-Time Module
· NI ELVIS III Toolkit
· LabVIEW Control Design & Simulation
	· Before downloading and installing software, refer to your professor or lab manager for information on your lab’s software licenses and infrastructure
· Download & Install for NI ELVIS III
http://www.ni.com/academic/download
· View Tutorials
http://www.ni.com/academic/students/learn-labview/







[bookmark: _Toc522262946]Expected Deliverables

In this lab, you will collect the following deliverables:

· Discretized open-loop system response using different sampling times
· Discretized closed-loop system response using a proportional-only controller using different sampling times
· Analysis of the stability of a discretized closed-loop system using a proportional-only controller
· Discretized lead compensator designed to meet specifications 

Your instructor may expect you complete a lab report.  Refer to your instructor for specific requirements or templates.


[bookmark: _Toc522262947]Section 1: Introduction to Digital Control

[bookmark: _Toc522262948]1.1 Theory and Background

Servo Model

Recall that the voltage-to-position transfer function of the Controls Board is as follows:
Equation 1-1

where K = 22.6 rad/s/V is the model steady-state gain,  = 0.12 s is the model time constant,  is the load disk position, and  is the applied motor voltage. If desired, you can conduct an experiment to find more precise model parameters, K and , for your particular Controls board.
[bookmark: _Toc522262949]
A digital computing platform (such as the NI ELVIS III) can be modeled using an ideal sampler and zero-order hold (ZOH) function, as depicted in Figure 1-1. This will be used to investigate the behavior of a continuous controller, such as a PD position controller for the Controls Board, when implemented on a digital system. 
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Figure 1-1: Sampling modeled using Zero-Order Hold
The ideal sampler of the error signal is:

Equation 1-2

where T is the sampling interval and is the  is the impulse function. The Laplace Transform of the zero-order hold is:

Equation 1-3


Based on the continuous time controller developed, this experiment will investigate how different sampling times affect the control performance. To measure the controller performance, the percent overshoot and settling time of the response will be analyzed. 
Figure 1-2 shows a typical second-order system response, y(t), to a reference input signal, r(t).

Figure 1-2: Measuring percent overshoot (PO) and settling time (ts) of a second-order response
The 2% settling time, ts, of the system is the time it takes to settle to 2% of its final value. From Figure 1-2, this is the time between the initial step time, t0, until the system response has entered and remains within an error margin of 2% of the reference step magnitude R0, tset:

Equation 1-4

The percent overshoot can be measured from a step response similar to Figure 1-2 using: 

Equation 1-5


where ymax is the maximum peak of the response and R0.

1.2 Implement

Zero-Order Hold in LabVIEW

In this section you will simulate how a digitized controller works on a near-continuous signal. In LabVIEW you can use the Discrete Zero-Order Hold function to hold the input signal for a definite period of time equal to the value you specify for the sample period (s) parameter of this function

1. Open the project Quanser Controls Board.lvproj, and open Zero-Order Hold.vi
2. The VI, shown in Figure 1-2, is configured to run at a rate of 500 Hz (0.002 s) for 5 seconds.
3. In the front panel, ensure the Sample period (s) numeric control is set to -1.
4. Run the VI.
5. Take a moment to observe the response of the original and discretized signals. Use the Graph Palette tools to zoom into the graph if necessary. Take a screenshot of your results.
6. Change the value of the Sample period (s) numeric control. Re-run the VI and observe the corresponding response. Figure 1-3 shows the result of setting the sample period to 0.1 s. Take a screenshot of your results.
[image: ]
Figure 1-2: Discrete Zero-Order Hold function in LabVIEW 
[image: ]
Figure 1-3: Original and discretized signal using the Zero-Order Hold function (sample period of 0.1 s)
Discretization of the Controls Board controller

In this section, you will implement a continuous PD position controller in a discrete time environment. The VI is configured to run at a rate of 0.002 s, i.e. 500 Hz. The Discrete Zero-Order Hold block is used to discretize the error signal of the PD controller. The VI includes a switch allowing you to examine the difference between the continuous and discrete versions.
7. Open PD Position ZOH.vi.
8. The VI implements a PD position controller. The Discrete Zero-Order Hold function located in the block diagram holds the error signal for the sample period specified using the Sample period (s) numeric control. You can use the Bypass ZOH switch to bypass the Zero-Order Hold.
9. In the front panel, ensure Sample period (s) is set to -1. This results in the zero-order hold function to inherit the discrete time step specified for the simulation diagram. i.e. 0.002 s or 500 Hz.
10. Additionally, in the front panel, ensure proportional gain kp = 5 and derivative gain kd = 0.2.
11. Run the VI.
12. A square signal with a frequency of 0.4 Hz is applied to DC motor, swinging the load disk back and forth. Position and voltage responses will be displayed similar to Figure 1-4. 
13. Use the Bypass ZOH switch to observe the effect of bypassing the Discrete Zero-Order Hold function. Stop the VI and determine PO and tset.
14. In the front panel, set Sample period (s) to 0.02 (i.e. 50 Hz).
15. Re-run the VI. 
16. Use the Bypass Switch to observe the effect of bypassing the Zero-Order Hold function. Your responses should look similar to Figure 1-5. Determine PO and tset.
17. Change the hold period to 0.1 s. Is it still possible to control the load disk with a discrete error signal? 
[image: ]
Figure 1-4: Voltage and position responses without holding the error signal
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Figure 1-5: Voltage and position responses when holding the error signal using the 
Discrete Zero-Order Hold function (Sampling period set to 0.02)

[bookmark: _Toc522262950]1.3 Analyze

1-1 What effect did changing the sample period of the Zero-Order Hold function have on the discretized signal in the simulation?

1-2 How did the discrete and continuous PD control responses compare when using a Zero-Order Hold with a sampling time of 0.002 s? What was the measured percent overshoot and settling time of the discretized controller running at 0.002 s.

1-3 Did you observe a difference between the continuous and discrete controller running at 0.02 s? What was the measured percent overshoot and settling time of the discretized controller running at 0.02 s.

1-4 Was it possible to control the load disk with a discrete error signal running at 0.1 s?

Section 2: Discrete Stability 

1.1 Theory and Background

For continuous time system design, the analysis of the system and controller design is often carried out in the frequency domain. To do this, a Laplace transform is used to map the time-domain signal to the complex s-domain. The Laplace Transform for continuous time function f(t) is:

Equation 2-1


Recall that the stability of the system can be determined from its transfer function. A system is stable if all closed-loop poles are in the left half plane of the complex s-plane. 
For discrete time systems, a similar approach is used. The Z transform of the sampled time signal f(nT) (sampling the continuous signal f(t)) is:

Equation 2-2 


where T is the sample time of the discrete system and n = 0,1,2 ... is the signal sample. The stability of a discrete control system depends on the locations of its closed-loop system poles on the z-plane, as shown in Figure 2-1. A discrete system is: 

1. Stable if all the poles are inside the unit circle.
2. Unstable if any pole lies outside the unit circle and/or there are more than one pole on the unit circle.
3. Marginally stable if one pole lies on the unit circle and all other poles are inside the unit circle.
[image: ]
Figure 2-1: Stability on z-plane
The unity feedback block diagram with the sample and zero-order hold that model the digital computer is shown in Figure 2-2.

[image: ]
Figure 2-2: Closed-loop system with compensator implemented on digital computer

Recall the Quanser Controls Board DC motor voltage-to-position transfer function:

Equation 2-3

 
where K is the motor steady-state gain,  is the motor time constant,  is the Laplace Transform of the motor or inertial disk position, and  is the Laplace Transform of the applied motor voltage. With the sample and hold, this becomes:

Equation 2-4


The additional integrator in the s-domain expression is based on the step input from the zero-order hold during each sampling period. In the discrete domain, a single step with a unit duration is equivalent to a step of infinite duration combined with the same step of opposite sign one time step delayed, i.e. . Thus taking the z-transform of Gp(s) gives:

Equation 2-5


The closed-loop transfer function between the reference input, r, and the system output, y, in the block diagram in Figure 2-2 is:

Equation 2-6


and the corresponding closed-loop error signal is:

Equation 2-7


[bookmark: _Toc520797321]

2.2 Implement

Stability Modeling

In this section you will model the effect of sample time and controller gain on the stability of a discretized position controller.

1. Open Discrete Stability Analysis.vi. You will use this VI to model the effects of sample time as well as controller gain on a discretized proportional-only position controller. The VI models the controller shown in Figure 2-2. 
2. In the front panel, set the system gain (K) and time constant (tau) as follows (alternatively you may set them to the system parameters that you determined in the modeling lab):
a. K = 22.6 rad/V.s
b. Tau = 0.12 s
3. Since the we will be examining a proportional-only controller, in the front panel, set the controller’s compensator Gc(s) as follows:
a. C = 1
4. In the front panel, wet the discretized sampling period to 0.002 s
5. Run the VI. Your results should look similar to Figure 2-3.
6. Based on the entered parameters, the VI performs the following tasks:
a. calculates the discrete open-loop transfer function Gp(z)
b. generates a bode magnitude plot of Gp(z)
c. generates a root locus plot showing the of the open- and closed-loop poles of the system
d. generates a plot of the closed-loop step response of the system
[image: ]
Figure 2-3: Control System Designer™ used to assess stability of discrete system
7. In the Root Locus Plot the filled pink squares indicate the closed-loop poles of the system. 
8. Use the Graph Palette tools to examine the poles. Are the poles located inside the unit circle? Take a screenshot of your results.
9. The location of the closed-loop poles can be moved by changing the controller gain . To change the gain, use the numeric control C in the front panel. Enter a new value and re-run the VI. The root locus plot, step response, and Bode plots will update automatically. 
10. Determine the gain necessary that causes the system to go unstable. You can do this by moving the close-loop poles as close as possible to the unit circle. Use the Closed-loop Step Response plot to verify the stability of the modeled system. Take a screenshot of your results.
11. Repeat the previous investigation using a sampling period of 0.02 s. Document your results.
12. Repeat the previous investigation using a sampling period of 0.2 s. Document your results.

Validate

13. Open Discrete Stability Validation.vi. You will use this VI to validate the proportional gains determined in the previous section that cause the system to go unstable. 
14. In the front panel, set the numeric control C to 1. This will set the compensator to a proportional gain of 1.0 V/rad.
15. In the front panel, set Sampling period (s) to 0.02.
16. Run the VI.
17. The response should look similar to Figure 2-4.

[image: ]
Figure 2-4: Typical response of proportional-only control running at 50 Hz (0.02 s)
18. While the controller is running, gradually increase the value of C and determine the experimental gain at which the system goes unstable. 
19. Stop the VI.
[bookmark: _Toc520797324]2.3 Analyze

2-1 Analytically find the z-transform of open-loop system with the sample and hold, ).

2-2 Analytically assess the stability of the open-loop system by looking at the poles in the z-plane. Is the stability affected by the sampling interval, T? If so, explain.

2-3 Present and analyze the results that you obtained when modeling the stability of the system for a sampling interval of 0.002 s. What value of proportional gain C caused the system to go unstable?

2-4 Present and analyze the results that you obtained when modeling the stability of the system for a sampling interval of 0.02 s. What value of proportional gain C caused the system to go unstable?

2-5 Present and analyze the results that you obtained when modeling the stability of the system for a sampling interval of 0.2 s. What value of proportional gain C caused the system to go unstable?

2-6 Based on your obtained results, using a proportional gain Gc(z) = 1, what effect did sampling time have on the shape of the closed-loop step response?

2-7 When running the proportional controller on the Quanser Controls Board at 50 Hz (Sampling period = 0.02 s), what effect did the proportional gain have on the stability of the system? Were your findings in-line with your earlier analysis of the modeled system?



 

Section 3: Discrete Lead Compensator Design 

3.1 Theory and Background

To directly design a digital controller, we are interested in the transfer function between the input  and the output  of the system, two purely digital signals. The transformation techniques described in the previous labs used approximation techniques to find discrete equivalents of the continuous plant model, and consequently introduced an approximation error into the design. For direct digital design, however, everything that happens between samples of the input  and the output depends only on the input at a particular sample time. Therefore, by the definition of zero-order hold, they exactly describe the system behavior, thus no additional error is introduced.

The discrete closed-loop unity feedback system is shown in Figure 3-1 with the discrete compensator, , and the discrete plant, . 
[image: ]
Figure 3-1: Closed-loop unity feedback of discrete system
The first step in the discrete control process is to obtain a discrete transfer function for our continuous plant using zero-order hold. Formally, for a continuous plant P(s) that is preceded by a zero-order hold, the discrete transfer function is given by:

Equation 3-1


where  is the z-transform of the sampled time series of the s-domain transfer function P(s). The transfer function P(s) is the Laplace of the open-loop voltage to position system defined by:

Equation 3-2


where K is the motor steady-state gain,  is the motor time constant,  is the Laplace Transform of the motor or inertial disk position, and  is the Laplace Transform of the applied motor voltage.

The additional integrator in the s-domain expression is based on the step input from the zero-order hold during each sampling period. In the discrete domain, a single step with a unit duration is equivalent to a step of infinite duration combined with the same step of opposite sign one time step delayed, i.e. .

This derivation also contains the biggest disadvantage of direct digital control design: to perform the z-transform in Equation 3-1, the sampling rate has to be known and fixed. Therefore, choosing a different sampling period requires a complete re-design. For the control design using another technique, such as the Zero-Pole-Matching or Bilinear (Tustin) methods, only the continuous-time controller had to be re-evaluated.
Once P(z) is obtained, the actual discrete controller design is similar to the controller design of continuous systems. Generally speaking, the design rules for continuous and discrete control are identical, with one important exception: the stability boundary for continuous systems is the imaginary axis; for discrete systems, it is the unit circle.
The discrete version of a lead compensator can be expressed by the difference equation:

Equation 3-3


where K is the proportional gain, z0 is the zero location, and p0 is the pole location. For a lead compensator, the zero is greater than the pole, thus . The pole must be placed inside the unit circle, .
 
Design a discrete lead compensator that meets the following requirements for the steady-state error (ess), settling time (ts) and percentage overshoot (PO):

Equation 3-4



3.2 Implement

Compensator Design

1. Open Discrete Lead Compensator Design.vi. You will use this VI to design a discrete lead compensator that meets the requirements given in Equation 3-4. The VI models the controller shown in Figure 3-1. 
2. In the front panel, set the system gain (K) and time constant (tau) as follows (alternatively you may set them to the system parameters that you determined in the modeling lab):
a. K = 22.6 rad/V.s
b. Tau = 0.12 s
3. In the front panel, set the design requirements:
a. Settling Time (s) = 0.3 s
b. Overshoot (%) = 5
4. Furthermore, set the following discrete controller variables in the front panel:
a. C = 1
b. Zero = 0.1
c. Pole = 0.1
d. Sampling period (s) = 0.02
5. Run the VI. 
6. Your results should look similar to Figure 3-2. The VI uses the plant and controller parameters, as well as the entered design requirements, to calculate and display the damping ratio of the plant, transfer functions, , along with the bode plot of the open-loop system, closed-loop step response, and root-locus plot showing the location of the closed-loop pole and zero.
[image: ]
Figure 3-2: Assessing the stability of discrete lead controller
7. In the front panel, click on the Root Locus Plot tab. Your results should be similar to Figure 3-3. The root locus plot shows the closed-loop poles using pink square markers. The plot also shows the feasibility regions based on the required percent overshot and settling time. The yellow circular plot indicates the feasibility region for the required settling time. The red heart-shaped plot indicates the feasibility region for the required percent overshoot. 
8. As a rule of thumb, in order to ensure stability of the system, the closed-loop poles (shown using pink square markers) must be located inside the unit circle. However, we must also meet the settling time and percent design requirements. To meet the requirements, the closed-loop poles must also fall inside the intersecting area of the feasibility regions. As shown in Figure 3-3, using the entered parameters, while the closed-loop poles are located inside the unit circle, only of the poles is located inside the intersecting feasibility region. 
[image: ]
Figure 3-3: Root locus plot showing close-loop poles as well as the feasibility regions
9. Your task is to vary the controller pole and zero locations such that the root-locus goes through the intersection of the feasible regions of your requirements, i.e. ensure that both requirements can be fulfilled at their maximal (or minimal) admissible value. Once the root-locus goes through these points, change the control gain until a complex conjugate pair is close to the intersection points. Verify that the third closed-loop poles (on the real axis) is inside the unit circle. For best results, you should try to find a combination of controller pole and zero locations where all poles are approximately equidistant to the origin. To verify that the designed controller meets the requirements, click on the Step Response tab and measure the settling time and percent overshoot of the system.
10. Start the design process by increasing the value of Zero (while keeping the pole value constant). Observe the root locus plot as well as the system’s step response to determine if the design requirements have been met. Take screenshot of your results. Increase the value of Pole and C as necessary. Make note of your observation, specifically on how changing the zero, pole, and controller gain affect the root locus plot.
Note: There are many pole, zero and gain combinations that satisfy the design requirements.
11. Once you have designed a controller that satisfies the requirements, stop the VI.
Validate

[bookmark: _GoBack]The VI block diagram shown in Figure 3-4 implements the unity feedback control shown in Figure 3-1 with a lead compensator. You will use this VI to validate the discrete lead compensator you designed in the previous section.
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Figure 3-3: Implements a discrete lead feedback compensator
12. Open Discrete Lead Compensator Validation.vi.
13. In the front panel, set the following parameters:
a. Sampling period (s) = 0.02
14. Use the C, Zero, and Pole numeric controls located in the front panel to enter the lead compensator you designed in the previous section.
15. Run the VI.
16. The sample response shown in Figure 3-4 is for the default lead compensator settings:

As such, the response using your designed lead compensator will be different.

[image: ]
Figure 3-4: Closed-loop response using default lead compensator settings
17. Does your controller meet the desired requirements listed in Equation 3-4? Try tuning the gain to minimize the steady-state error and/or improve the settling time. Determine the percent overshoot, settling time, and steady-state error. Take a screen shot of your results.
18. Stop the VI. 
3.3 Analyze

3-1 Describe the resulting feasible region based on the compensator requirements given in Equation 3-4. Attach a screen capture of the corresponding root-locus plot. Can the design requirements be satisfied using a proportional-only compensator? Explain. 

3-2 Present the finalized lead compensator that shows the root-locus and step response plots. Discuss how changing values of zero, pole, and controller gain affected the root-locus plot.

3-3 When implementing the designed lead controller on the Control Board, did your controller meet the desired requirements listed in Equation 3-4? If not, tune the controller to improve its performance. Provide one possible reason for the discrepancy. Attach the system responses and calculate the percent overshoot, settling time, and steady-state error.
[image: ][image: ]		
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